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Abstract
In this paper, we study the chromatic sum functions of rooted general maps on the sphere and the projective plane. The chromatic
sum function equations of such maps are obtained. From the chromatic sum equations of such maps, the enumerating function
equations of rooted loopless maps, bipartite maps and Eulerian maps are also derived. Moreover, some explicit expressions of
enumerating functions are also derived.
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1. Introduction
The chromatic polynomials has been studied by Loerinc [8], Read and Whitehead [9]. On chromatic sums, the
ﬁrst paper which was published in 1973 by Tutte [10] is for rooted planar triangulations. Since 1973, Tutte has
published a series of paper [11–14] on chromatic sums for rooted planar triangulations to tackle the coloring av-
erage problem. About 10 years later, Liu [5,4] has studied the chromatic sum of rooted nonseparable maps on
the plane. All results of chromatic sums having been published are on the plane. Chromatic sums of nonplanar
maps are more difﬁcult to be determined. And they are more general and more difﬁcult than enumeration, because
of the occurrence of chromatic polynomials. Chromatic sums play an important role in the study of some color-
ing average. In this paper, we study the chromatic sum of rooted general maps on the sphere and the projective
plane.
Let C be a circuit (or curve) on a surface . If  − C has a connected region homeomorphic to a disc, then C is
called trivial (or contractible as some scholars deﬁned it); otherwise, it is essential (or noncontractible).
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Let M and P be, respectively, the set of all rooted general maps on the sphere and the projective plane. Their
chromatic sum functions are, respectively,
f = f (x, y, z, t,; ) =
∑
M∈M
P(M; )xm(M)yn(M)zl(M)ts(M)d(M);
fP = fP(x, y, z, t,; ) =
∑
M∈P
P(M; )xm(M)yn(M)zl(M)ts(M)d(M),
where m(M), n(M), l(M), s(M) and d(M) be, respectively, the valency of the root-vertex of M, the valency of the
root-face of M, the number of edges of M, the number of nonroot-vertices of M and the number of nonroot-faces of M .
P(M; ) is the chromatic polynomial of M.
Now two well-known formula on chromatic polynomials of maps should be mentioned for further use. The ﬁrst
one is
P(M; ) = P(M − e; ) − P(M • e; ) (1)
for any map M, where e is an edge of M, M − e and M • e stand for the maps obtained by deleting and contracting e
from M, respectively. The second is
P(M1 ∪ M2; ) = 1
(− 1) · · · (− i + 1)P (M1; )P (M2; ) (2)
provided that M1 ∩ M2 = Ki , the complete graph of order i, i1.
In this paper, for any map M, er(M) stand for the root-edge of M.
2. Maps on the sphere
In this section, we will set up the equations satisﬁed by the chromatic sum functions of rooted general maps on the
sphere. An edge is called double edge (a double edge on the plane is also called isthmus by some authors) if each side
of it is on the boundary of the same face. The setM may be divided into four parts as
M=M1 +M2 +M3 +M4, (3)
whereM1 consists of only the vertex map,
M2 = {M|M ∈M−M1, er (M) is a loop};
M3 = {M|M ∈M−M1, er (M) is a double edge};
M4 = {M|M ∈M−M1 −M2 −M3}.
Let fi(i=1, 2, 3, 4) be the chromatic sum function ofMi . Let f |x=1=f (1, y, z, t,; ), f |y=1=f (x, 1, z, t,; ).
For chromatic sum function f, we denote f = (f − f |=1)/(− 1), here = x, or = y. Then
f1 = ; f2 = 0; f3 = −1(− 1)xy2ztff |x=1. (4)
It is easy to see that the following Lemmas hold.
Lemma 1. LetM〈4〉 = {M − er(M)|M ∈M4}. Then
M〈4〉 ⊆M.
For a map M, let i (M) be the map obtained by adding a new edge from the root-vertex to the ith vertex on the root-
face boundary, i=0, 1, 2, . . . , n(M) (n(M) is the valency of root-face ofM). LetM∗ =∑M∈M{i (M)|n(M) i0}.
It is easily seen thatM4 ⊆M∗.
Lemma 2. ForM4, we have
M4 =M∗ −M2.
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Lemma 3. LetM(4) = {M • er(M)|M ∈M4}. Then
M(4) ⊆M.
For a map M ∈ M, let ∇(M) be the map obtained by splitting the root-vertex of M into vertices o1 and o2 and
adding a new edge R = (o1, o2) as the root-edge of the resultant map. LetM+ = {∇(M)|M ∈ M}. It is easily seen
thatM4 ⊆M+.
Lemma 4. M+ =M−M1 −M2.
Applying (1), for chromatic sum functions, the contribution ofM4 to f is
f4 =
∑
M∈M4
P(M − er(M); )xm(M)yn(M)zl(M)ts(M)d(M)
−
∑
M∈M4
P(M • er(M); )xm(M)yn(M)zl(M)ts(M)d(M). (5)
The ﬁrst and the last summations in (5) are denoted by f4A and f4B , respectively.
Applying Lemmas 1–2 and (2), we have
f4A = xyz
⎧⎨
⎩
⎛
⎝ ∑
M∈M
P(M; )xm(M)zl(M)ts(M)d(M)
n(M)∑
i=0
yi
⎞
⎠− −1ff
∣∣∣∣∣∣
y=1
⎫⎬
⎭
= xyzyf − −1xyzff |y=1. (6)
Applying Lemmas 3–4 and (2), we have
f4B = xyzt
⎧⎨
⎩
⎛
⎝ ∑
M∈M
P(M; )yn(M)zl(M)ts(M)d(M)
m(M)∑
i=0
xi
⎞
⎠− −1ff
∣∣∣∣∣∣
x=1
⎫⎬
⎭
= xyztxf − −1xyztff |x=1. (7)
Applying (3)–(7), we have
Theorem 1. f satisﬁes the following functional equation:
f = + −1(− 1)xy2ztff |x=1 + xyzyf − −1xyzff |y=1 − xyztxf + −1xyztff |x=1. (8)
3. Maps on the projective plane
In this section, we will set up the equations satisﬁed by the chromatic sum functions of rooted general maps on the
projective plane.
The set P may be divided into two parts as
P=P1 +P2, (9)
where
P1 = {M|M ∈ P, er is a loop};
P2 = {M|M ∈ P,M /∈P1}.
The set P2 may be divided into two parts as
P2 =P21 +P22, (10)
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where
P21 = {M|M ∈ P2, er (M) is a double edge};
P22 = {M|M ∈ P2, er (M) is not a double edge}.
The set P21 may be divided into two parts as
P21 =P211 +P212, (11)
where
P211 = {M|M ∈ P21, er (M) is not on an essential circuit};
P212 = {M|M ∈ P21, er (M) is on an essential circuit}.
Lemma 5. Let P〈212〉 = {M − er(M)|M ∈ P212}. Then
P〈212〉 ⊂M.
Proof. For any M ′ ∈ P〈212〉, M ′ = M − er(M), where M ∈ P212. Since er(M) is a double edge and er is on an
essential circuit, M ′ is a map on the sphere. 
Lemma 6. Let P〈22〉 = {M − er(M)|M ∈ P22}. Then
P〈22〉 ⊂ P.
Proof. For any M ′ ∈ P〈22〉, M ′ =M − er(M), where M ∈ P22. Since er is not a double edge, we know M ′ ∈ P. 
Similarly, we have
Lemma 7. Let P(2) = {M • er(M)|M ∈ P2}. Then
P(2) =P.
Let fPi (i = 1, 2) be the chromatic sum functions of Pi . Then
fP = fP1 + fP2; fP1 = 0. (12)
Applying (1), for chromatic sum functions, the contribution of P2 to fP is
fP2 =
∑
M∈P2
P(M − er(M); )xm(M)yn(M)zl(M)ts(M)d(M)
−
∑
M∈P2
P(M • er(M); )xm(M)yn(M)zl(M)ts(M)d(M). (13)
The ﬁrst and the last summations in (13) are denoted by fP2A and fP2B , respectively.
By (10) and (11), we obtain
fP2A = fP211A + fP212A + fP22A . (14)
For any M ∈ P211, M − er(M) are two maps, one map is on the sphere, another map is on the projective plane. We
obtain
fP211A = xy2ztffP|x=1 + xy2ztf |x=1fP. (15)
Here f |x=1 = f (1, y, z, t,; ); fP|x=1 = fP(1, y, z, t,; ).
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Applying Lemma 5,
fP212A = xy2z
∑
M∈M
(n(M) + 1)P (M; )xm(M)yn(M)zl(M)ts(M)d(M) − xy2z−1f 2
= xy2z (yf )
y
− xy2z−1f 2. (16)
For any map M ∈ P22, after removing er(M) from M, the resulting map is in P. Conversely, we can reverse this
process by taking a rooted loopless map on the projective plane M ′ and introducing a new edge running to a vertex v′
(v′ is on the root-face of M ′) from the root-vertex v′r of M ′ as the root edge of the new map. If v′r = v′, the resulting
map is a map in P22; if v′r = v′, a loop will be introduced.
For any map M ∈ P, vr is the root-vertex of M, v is another vertex on the root-face of M, vr = v. We make a cut
along a simple close curve that lies in the root face of M except where it cuts through vr . Let v′r be the vertex split from
vr , we have two cases:
Case 1: The cut does not destroy a cross cap.
There are two resulting map, one map is on the sphere, another map is on the projective plane.
Case 2: The cut destroys a cross cap.
The resulting map lies on the sphere, and the process is reversible, except that an edge connecting vr and v′r would
become a loop. We denote the set of those resulting maps byLs . For any map inLs , we glue the vr and v′r , a map in
M4 can be obtained. Therefore, we obtain the following:
fP22A = xyz
⎛
⎝∑
M∈P
P(M; )xm(M)zl(M)ts(M)d(M)
n(M)∑
i=0
yi
⎞
⎠
− xyz−1ffP|y=1 − xyz−1f |y=1fP
− xyz(f − − −1(− 1)xy2ztff |x=1)
= xyz (fP|y=1 − yfP)
1 − y − xyz
−1ffP|y=1 − xyz−1f |y=1fP
− xyz(f − − −1(− 1)xy2ztff |x=1), (17)
here f |y=1 = f (x, 1, z, t,; ); fP|y=1 = fP(x, 1, z, t,; ).
Applying Lemma 7,
fP2B |y=1 = xzt
∑
M∈P
P(M; )zl(M)ts(M)d(M)
⎛
⎝m(M)∑
i=0
xi
⎞
⎠
= xzt (fP|x=y=1 − xfP|y=1)
1 − x . (18)
Applying (12)–(18), we have
Theorem 2. fP satisﬁes the following functional equation:
fP|y=1 = xztf y=1fP|x=y=1 + xztf |x=y=1fP|y=1 + xz
(yf )
y
∣∣∣∣
y=1
− xz−1f |2y=1 + xz
(fP|y=1 − yfP)
1 − y
∣∣∣∣
y=1
− xzt (fP|x=y=1 − xfP|y=1)
1 − x
− 2xz−1f |y=1fP|y=1 − xz(f |y=1 − − −1(− 1)xztf |y=1f |x=y=1),
where f is deﬁned by Theorem 1.
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4. The case: = ∞; = 2
In this section, ﬁrstly, we use one polynomial R(M; ) stand for the chromatic polynomial P(M; )
P (M; ) = s(M)+1R(M; ),
where = −1, R(M; 0) = 1.
We construct one function f ∗ corresponding to the chromatic sum function
f ∗ = f ∗(x, y, z, t,; ) =
∑
M∈M
R(M; )xm(M)yn(M)zl(M)ts(M)d(M).
Let T = −1t . Then
f ∗(x, y, z, t,; ) = −1f (x, y, z, T ,; ). (19)
By (19), we obtain
f ∗(1, y, z, t,; ) = −1f (1, y, z, T ,; ), (20)
f ∗(x, 1, z, t,; ) = −1f (x, 1, z, T ,; ), (21)
xf
∗(x, y, z, t,; ) = −1xf (x, y, z, T ,; ), (22)
yf
∗(x, y, z, t,; ) = −1yf (x, y, z, T ,; ). (23)
Let g = g(x, y, z, t,) = f ∗(x, y, z, t,; 0). Applying (19)–(23) and Theorem 1, we obtain the following:
Corollary 1. The enumerating function g of rooted loopless maps on the sphere satisﬁes the following equation:
g = 1 + xy2ztgg|x=1 + xyzyg − xyzgg|y=1.
Let G = G(y, z) = g(1, y, z, 1, 1). By Corollary 1, we obtain the following:
Corollary 2. The enumerating function G = G(y, z) satisﬁes the following functional equation:
y2z(1 − y)G2 − [1 − y + yz(1 − y)G|y=1 + y2z]G + 1 − y + yzG|y=1 = 0. (24)
By (24) and Lagrangian inversion, we obtain the following:
Corollary 3 (Bender and Wormald [2], Liu [7], and Walsh and Lehman [15]). The enumerating function G|y=1 =
G(1, z) has the following explicit expression:
G|y=1 = 1 +
∑
l1
6(4l + 1)!
(3l + 3)!l! z
l
.
LetM′′ andM	l be, respectively, the set of rooted bipartite maps on the sphere and rooted Eulerian maps on the
sphere. Their enumerating functions are, respectively,
h = h(x, y, z, t,) =
∑
M∈M′′
xm(M)yn(M)zl(M)ts(M)d(M),
f	l = f	l (x, y, z, t,) =
∑
M∈M	l
xm(M)yn(M)zl(M)ts(M)d(M),
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where m(M), n(M), l(M), s(M) and d(M) are the valency of the root-vertex of M, the valency of the root-face of
M, the number of edges of M, the number of nonroot-vertices of M and the number of nonroot-faces of M, respectively.
Let xh = (h|x=1 − xh)/(1 − x); yh = (h|y=1 − yh)/(1 − y).
It is well known, we use two colors to color vertices of a map M in such a way that adjacent vertices are colored
differently, if M is a bipartite map, we have two project to color M; if M is not a bipartite map, we have zero project to
color M. Then, we obtain
f (x, y, z, t,; 2) = 2h(x, y, z, t,), (25)
f (1, y, z, t,; 2) = 2h(1, y, z, t,), (26)
f (x, 1, z, t,; 2) = 2h(x, 1, z, t,), (27)
xf (x, y, z, t,; 2) = 2xh(x, y, z, t,), (28)
yf (x, y, z, t,; 2) = 2yh(x, y, z, t,). (29)
Applying (25)–(29) and Theorem 1, we obtain the following:
Corollary 4. The enumerating function h of rooted bipartite maps on the sphere satisﬁes the following functional
equation:
h = 1 + xy2zthh|x=1 + xyzyh − xyzhh|y=1 − xyztxh + xyzthh|x=1.
Theorem 3. xyz(h|y=1 − y2h)/(1 − y2) − xyzhh|y=1 = xyztxh − xyzthh|x=1.
Proof. For any map M ∈M′′, we can obtain a new map M ′, by splitting the root-vertex of M into vertices o1 and o2
and adding a new edge R = (o1, o2) as the root-edge of M ′. If R = (o1, o2) is not an isthmus, except for two faces of
M ′, the valency of other faces of M ′ are even, one odd valency face is root-face of M ′, and M ′ − R ∈M′′.
On the other hand, for any map M ∈ M′′, we are allowed to construct a map M ′ by adding a new edge from
root-vertex of M to another vertex on root-face of M. If M ′ is not a bipartite map, then M ′ has only two faces are odd
valency, one odd valency face is root-face of M ′. 
Applying Corollary 4 and Theorem 3, we have the following:
Theorem 4. The enumerating function h of rooted bipartite maps on the sphere satisﬁes the following functional
equation:
h = 1 + xy2zthh|x=1 + xy
2z(h|y=1 − h)
1 − y2 .
Let x = t = = 1, we have the following:
Theorem 5. The enumerating functionof rootedbipartitemapson the sphere satisﬁes the following functional equation:
y2z(1 − y2)h|2x=t==1 − (1 − y2 + y2z)h|x=t==1 + 1 − y2 + y2zh|x=y=t==1 = 0.
Applying Theorem 5, we obtain the following:
Corollary 5. The enumerating function of rooted bipartite maps on the sphere has the following explicit expression:
h|x=y=t==1 = 1 +
∑
n1
3 × 2n−1(2n)!
n!(n + 2)! z
n
.
If we consider the dual map, we obtain
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Theorem 6. The enumerating function of rooted Eulerian maps on the sphere satisﬁes the following functional equa-
tion:
f	l = 1 + x2yzf	lf	l|y=1 +
x2yzt(f	l|x=1 − f	l )
1 − x2 .
Let y = t = = 1, we obtain the following:
Theorem 7 (Liu [6,7]). The enumerating function of rooted Eulerian maps on the sphere satisﬁes the following func-
tional equation:
x2z(1 − x2)f 2	l|y=t==1 − (1 − x2 + x2z)f	l|y=t==1 + 1 − x2 + x2zf 	l|x=y=t==1 = 0.
We construct one function f ∗P corresponding to the chromatic sum function
f ∗P = f ∗P(x, y, z, t,; ) =
∑
M∈P
R(M; )xm(M)yn(M)zl(M)ts(M)d(M).
Let T = −1t . Then, we obtain
f ∗P(x, y, z, t,; ) = −1fP(x, y, z, T ,; ). (30)
By (30), we obtain
f ∗P(1, y, z, t,; ) = −1fP(1, y, z, T ,; ), (31)
f ∗P(x, 1, z, t,; ) = −1fP(x, 1, z, T ,; ), (32)
xf
∗
P(x, y, z, t,; ) = −1xfP(x, y, z, T ,; ), (33)
yf
∗
P(x, y, z, t,; ) = −1yfP(x, y, z, T ,; ). (34)
Let g′ = g′(x, y, z, t,) = f ∗P(x, y, z, t,; 0). Applying (30)–(34) and Theorem 2, we obtain
Corollary 6. The enumerating function g′ of rooted loopless maps on the projective plane satisﬁes the following
equation:
g′ = xy2ztgg′|x=1 + xy2ztg|x=1g′ + xy2z (yg)
y
− xy2zg2 + xyz (g
′|y=1 − yg′)
1 − y
− xyzgg′|y=1 − xyzg|y=1g′ − xyz(g − 1 − xy2ztgg|x=1),
where g is deﬁned by Corollary 1.
For any map M ∈M4, we split the root-vertex of M to two vertices, the resulting map is inM. Conversely, for any
map M ∈M4, we can obtain the map M from a map M ′ ∈M by glue the root-vertex of M ′ and another vertex of M ′
on the root-face. Applying Corollary 6, let x = t = = 1. we obtain the following:
Corollary 7 (Li and Liu [3]). The enumerating function g′(1, y, z, 1, 1) of rooted loopless maps on the projective
plane satisﬁes the following equation:
g′(1, y, z, 1, 1) = 2y2zg(1, y, z, 1)g′(1, y, z, 1, 1) + y2z (yg(1, y, z, 1, 1))
y
− y2zg2(1, y, z, 1, 1)
+ yz (g
′(1, 1, z, 1, 1) − yg′(1, y, z, 1, 1))
1 − y − yzg(1, y, z, 1, 1)g
′(1, 1, z, 1, 1)
− yzg(1, 1, z, 1, 1)g′(1, y, z, 1, 1) − yz(g(1, 1, z, 1, 1) − yg(1, y, z, 1, 1))
1 − y
+ yzg(1, 1, z, 1, 1)g(1, y, z, 1, 1) + (g(1, 1, z, 1, 1) − 1)(g(1, y, z, 1, 1) − 1)
g(1, 1, z, 1, 1)
.
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Let z = 116 (t + 1)(1 − t)3. Applying Corollary 7, we have
g′(1, 1, z, 1, 1) = −2
√−(2t + 1)
(t + 1)|1 − t | −
t3 + 5t2 − t − 1
2t (1 − t2) .
Let t = 
− 23 . Then
g′(1, 1, z, 1, 1) = − 2
√
3
√
1 − 6

(1 + 3
)| 53 − 
|
− 

3 + 3
2 − 193 
+ 4327
2(
− 23 )(
+ 13 )( 53 − 
)
, (35)
z = 116 (
+ 13 )( 53 − 
)3. (36)
Lemma 8. Let 
= 
(z) be the solution of z = 116 (
+ 13 )( 53 − 
)3 with 
(0) = − 13 . Then 
(z) is analytic at 0, and has
an unique singularity at z = 27256 . Moreover,
1 − 6
 ≈ 3
√
6
2
(
1 − 256
27
z
)1/2
.
Proof. From z = 116 (
 + 13 )( 53 − 
)3, it is evident that 
(z) is an algebraic function whose singularities are branch
points. Let G∗(z, 
)= 116 (
+ 13 )( 53 −
)3 −z. Since G∗
(z, 
)=− 14 ( 53 −
)2(
− 16 ) and G∗
(0,− 13 )= 12 , by the Implicit
Function Theorem there exists an unique 
(z) which is analytic at 0 and satisﬁes 
(0)=− 13 . To ﬁnd the branch points,
solve G∗
(z, 
)= 0 and G∗(z, 
)= 0.We obtain (z, 
)= ( 27256 , 16 ) and (z, 
)= (0, 53 ). Since 
(0)=− 13 , (0, 53 ) is on the
wrong Riemann sheet, z = 27256 is the only singularity of 
(z). As in the proof of Theorem 5 of[1], we have

− 1
6
≈ −
√√√√−2G∗z( 27256 , 16 )(z − 27256 )
G∗

(
27
256 ,
1
6 )
= −
√
6
4
(
1 − 256
27
z
)1/2
. 
Theorem 8. The number of n edges, rooted loopless maps on the projective plane is asymptotic to
−2
11/4 × 3−3/4 × n−5/4
(− 14 )
(
256
27
)n
,
where (x) is the gamma function.
Proof. From (35) and Darboux’s Theorem (see [1, Theorem 4]), we have
g′(1, 1, z, 1, 1) ≈ − 2
√
3
√
1 − 6

(1 + 36 )( 53 − 16 )
= −8
√
3
9
√
1 − 6
.
Using Lemma 8 and the fact that 1 − 6
= 0 at z = 27256 , we get
g′(1, 1, z, 1, 1) ≈ −211/4 × 3−3/4
(
1 − 256
27
z
)1/4
.
By Darboux’s Theorem, we obtain
g′(1, 1, z, 1, 1)|zn ≈ −2
11/4 × 3−3/4 × n−5/4
(− 14 )
(
256
27
)n
. 
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Applying
g′(1, 1, z, 1, 1) = −2
√−(2t + 1)
(t + 1)|1 − t | −
t3 + 5t2 − t − 1
2t (1 − t2) .
z = 116 (t + 1)(1 − t)3 and Lagrangian inversion, we have
Theorem 9. The enumerating function g′(1, 1, z, 1, 1) has the following explicit expression:
g′(1, 1, z, 1, 1) =
∑
n1
(An,i + Bn,i + Cn,i + Dn)zn,
where
An,i =
∑
n−1 i0
3(2i)!(4n − i)!
n(i!)2(n − 1 − i)!(3n + 1)! ; Bn,i = −
∑
n i0
2(2i)!(4n + 1 − i)!
n(i!)2(3n + 1)!(n − i)! ;
Cn,i =
∑
n+1 i0
(
(2i)!(4n + 2 − i)!
2n(i!)2(n + 1 − i)!(3n + 1)! −
2i−4(4n + 2 − i)!(i + 1)
n(n + 1 − i)!(3n + 1)!
)
;
Dn = − (26n
2 + 2n − 3)(4n)!
8n(n + 1)n!(3n + 1)! .
With this formula, we can calculate the number of rooted loopless general maps on the projective plane. For example,
there are 0 such distinct map with 1 edge; there are 1 such distinct map with two edges; there are 10 such distinct maps
with three edges.
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